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ON ALMOST BOUNDED FUNCTIONS(!)
BY

RUTH MINIOWITZ

ABSTRACT. New results are presented with regard to the “almost
bounded functions” introduced by Goodman [2], including a theorem which
contains a proof of Goodman’s conjecture for a particular case.

1. Introduction. Let E denote the unit disc |z| < 1. We consider the
following class of functions: B is the class of functions f(z) (known as the
Bieberbach-Eilenberg class), regular in E such that £(0) = 0, and

(1-1) f(rl)'f(fz)7e 1, V{p fz E€E.
B* C B is the subclass of univalent functions.

Let
(1.2) GOM = (L, L,,...,L,}

be a group of linear transformations where Lw)= (@w + bi)/(c,w +d),
ad; = bc; #0,j=1,2,...,2n. The set of numbers generated by (1.2) for
fixed w is denoted by

S@Mw) = {Ly ), L), . - . , Ly, (W),

DEFINITION 1 (GooDMAN [2]). A function f(2) is said to be “almost
bounded with respect to the group G2 (AB. for G2™) in A if f(2) is
meromorphic in A, and if for each w (e included) it assumes in A not more
than n values from the set S(2™)(w).

DEFINITION I'. A point set F is said to be A.B. for G™ if, for each
w, F contains at most n points of §(")(w).

If K is a linear transformation and K ! its inverse, then the transformed
set,

(1.3) KGOWK™! = (KLK™Y;j=1,2,...,2n},
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is again a group which may be regarded as equivalent to G(2™). Certain standard
forms of groups of linear transformations will be considered later. In §4 we deal
with functions f(z), A.B. for G;n and of the form

(14) f@=aiz+az>+---,
and we obtain the main result:

THEOREM 5. Let f(z) be A.B. for Gy, of the form (1.4) and univalent
in E; then:

@ > g2 <1,
n=1
[z]
b |<—
(b) @IS =

with equality for f(z) = (1 - 2Y2z/(1 + irz) at z = ir.
©) lagpy 1 <€2Nm, n=1,2,...,

where c is the Euler constant.

Part (a) of Theorem 5 obviously includes the result la,I<1,n=1,2,
. ,» which solves a conjecture of Goodman [2] for a particular case.

2. The class R,,,.

DEFINITION 2. §(2)ER,,, n=1,2,...,if:

(a) ¢(2) is a regular function in E.

(b) ¢(2)is AB. for the elliptic cyclic group G3™, defined by G?™) =
waw,...,0?" 'wiwheren=e"" n=1,2,....

By part (b) of Definition 2, ¢(z) # 0 in E and therefore wl.0.g. we may
assume that ¢(z) has the form:

(2.1 ¢@)=1+bz+byz®+---.

For n = 1 the corresponding group is fo) = {w, —w} and the class R, coin-
cides with the class M (first introduced by Gel'fer [4]) of regular functions
which do not assume opposite values. Furthermore, we have M C R,, for
every n, and for n > 1 there exist functions which belong to R,, but not to
M, as illustrated by the following example.

EXAMPLE 2.1. There exists,namely, a function which belongs to the class
R, but not to M, any univalent function which maps the unit disc onto the
region described in Figure 1.
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FIGURE 1: A set AB. forR,

We next define:
DEFINITION 3 (BIERNACKI [5, p. 94]). Let f(2) be regular in an open set
A, and n(w) the number of roots in A of the equation f(z) = w. Let also:

22) PR) = PR, A, ) =5 [ 7 n(Re'®)do,

f(2) is called a circumferentially-mean p-valent (c. mean p-valent) function if
P(R)<p,0 <R < oo,

REMARK. It is obvious from Definition 3 that every univalent function
fR)ER,,,n=1,2,...,isc. mean }%-valent.

THEOREM 1. If §(z) ER,,, n =1, 2, ..., and of the form (2.1), then

(2.3) 1by 1<2.
If in addition ¢(z) is univalent, then
1-p 1+p
(24) l+p<l<1>(z)l<l_p, lzl=p,0<p<]1,
, 2 2
9@ < #@) | < , lzl=p,0<p<1,

25) 1-p? (1-p)?
with equality only for the function $(z) = (1 + ze®®)/(1 — 2¢®) for real 6.

PROOF. As was mentioned above, every univalent function from the
class R, is c. mean Y%-valent. Thus using a result of Hayman [5, Theorem 5.1]
we prove (2.3), (2.4), (2.5) for univalent functions. (2.3) holds also for
arbitrary ¢(z) ER,,. This will be verified later.
We note that Theorem 1 is true for every function in the class M by the
principle of subordination. This principle is inapplicable for the class R,,,, n >
1, as illustrated by the following example.
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ExampLE 2.3. There exists a nonunivalent function ¢(z) € R, which is
not subordinate to any univalent function g in the same class R,.

FIGURE2: A set AB. for G

To show that, we use the uniformization theorem to construct a Riemann sur-
face conformally equivalent to the unit disc, such that its projection on the
plane is the domain in Figure 2.

THEOREM 2. Let ¢(z2) ER,,, n=1,2,..., be univalent and of the
form (2.1). Denoting M(p, ¢) = Max,, —, |6(2)|, we have:

@) ((1 - p)/(1 + p))* M(p, ¢) is decreasing (as a function of p, 0 <p <
1, with equality only for ¢(z) = (1 + 26'®)/(1 — 2¢%), 8 a real constant), and thus
approaches a limit ay <1asp — 1.

(b) The limit & = lim,_, (1 — p)M(p, ) exists finitely.

(c) The limit lim,_, .| b, | = a/T'(1) = a < 2 exists with equality for the
function ¢(z) = (1 + z¢")/(1 - 2¢'%), where 8 is a real constant.

@ lbyy | = 151 = OK!™VZ), k=1,2,....

PROOF. As¢(z) is univalent and ¢(z) €R,,,, ¢(z) is c. mean %-valent,
and (a) holds in accordance with Hayman [S, Theorem 5.1}, (b) is a consequence
of (a); (c) is a consequence of (b), and also correct in accordance with Hayman
[5, Theorem 5.10]; (d) holds in accordance with [11].

REMARK. Using the proof procedure in [4] (see also [3]), for the class
M (or R,) we find that if (Z) €ER,,, n=1,2,..., and univalent, then
b,] < 13.56 for k > 1. It seems that this estimate for the bound may be
improved significantly. Moreover it is probable that ¢ is not necessarily uni-
valent.
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Goodman [2] obtained some basic results for functions which are A.B.
for groups of linear transformations satisfying certain conditions. In particular,
such a group is G,,,, obtained from G$2™) by (1.3) with K(w) = (w + 1)/(w—1):

_ @ wr@i-1)
@ -w+@ +1)

G, = <L k=0,1,2,...,2n-1};
(2.6) 2n k+1

n= nl/u.

A function which is A.B. for G, = {w, 1/w} and of the form (1.4) belongs to
the class B.

The connection which exists [4] between the classes B and M (or R,),
may be generalized to functions A.B. for G,,, and to those belonging to R,,,.

LEmMA L. (3) If¢(2) ER,,, n=1,2,...,and is of the form (2.1),
then

is A.B. for G,,, and of the form (1.4).
(b) If g(2), of the form (1.4), is A.B. for G,,, n=1,2, ..., then the
function ¢(z) defined by
1+¢(2)
1-¢g(2)
belongs to R,, and is of the form (2.1).

@)= =1+bz+---

Lemma 1 is a corollary of Goodman’s Lemma 9 [2]. In conjunction with
the result of Lai Wan-Tzei [7] it proves (2.3), and some of Goodman’s results
for functions A.B. for G,, [2, Theorems 3 and 5] are obtained through it from
Theorem 1, on a different basis.

3. The class R,. Theorem 1 for the class R, is known [4], [6] but the
proof is different. Theorem 2 was also proved for it [3], on a different basis.
We now prove, for the same class,

THEOREM 3. Let ¢(z) € R, and 7y be a real number. Assume
Re{e¢(2)} > 0, | 7| < n/2; then

B.n 16, <2 cosy

with equality for ¢,(2) = (1 + c2)/(1 - 2), ¢ = €2/, which maps the unit disc
onto the right half-plane forming an angle <y with the imaginary axis.

PROOF. The case of equality is obvious. Using Cauchy’s integral formula
we obtain:
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G.2) b= [ 9D 4

n 2ni Jizl=r zn+l

As ¢(2) is regular, for all n 2 1 and every v,

27 sre®)eni ap.

2ar

Hence
P —

(3.3) 0= > l” fo" e o(re'?) e qp.

ar
By (3.2) and (3.3):

1 2
(34) 10, = oz [ Re (o )e .

There exists a y for which Re {e"¢(r¢’®)} > 0, and therefore

bl < 2[5 Re €' e} 0.

Using the mean-value theorem for harmonic functions and letting r — 1, we
conclude that |5, | <2 cos 7.

REMARK. One might conjecture that if the functions §(z) =1 +a,z +
a,2* ++++,8(z) =1+ b,z +b,z* + - - - belong to the class R,, the same is true
Jor the function h(z) = ¢(2)*g(z) = 1 + Z;;_, %a,b,z".

For the subclass of functions which are regular and have a positive real
part in E, this conjecture is known to be true (cf. [12, Lemma 1]). The
proof in [12] may be generalized for the case of a function with positive real
part and another function maps the unit disc on a domain contained in a half-
plane forming an angle y with the imaginary axis. If ¢(z) is regular with positive
real part, ¢,(z) = 3(27)' has the same property and, therefore: If |k] =1 and
0<p <1 then

0 <Re {% f 20" eg(oke’®) Re [, (2)] de}
1 2= —_—
ke {27? o €8(ke") [6,(0"®) + ¢, (p®)] de}
. 1 &
= Rede(1 + > b,(p%k)"|}.
e{e < 3 vgla,, »(0 k))}

Since p2k may represent any point in the unit disc, the conjecture is proved
in this case. This conclusion confirms Lavie’s conjecture that |b,| <2 [6],
because if ¢(z) € R, then also ¢(z ) € R, ; therefore
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W) =9(2)*@) =1+ ¥ %a,2,2" =1+ 21 b,z"
n=1 n=
has real coefficients and belongs to R,, and for such functions Lavie’s conjecture
is known to be correct [6]. However the following example, introduced by Good-
man, shows that it is not true in general; let ¢,(z) = (1 + €2**z)/(1 - z) and
$5(2) = (1 + €*%z)/(1 - 2), a and B are real constants such that lacl, 181 < /2 and
sina ¢+ sin §> 0, then it is not difficult to see that H,4(2) = ¢,(2) * ¢4(2)/R,.

4. Functions which are A.B. for G;”. We now deal with functions which
are A.B. for the group G},, defined by:

(A1) G = {Lyyy =V*W, Ly = 1w, k=0,1,2,...,n-1}

where v = €2™/" n =1,2,.... We note that (as for the class B) a function
which is A.B. for G, and of the form (1.4) is bounded.
The following is a key theorem for all the results for functions A.B. for G:n.

THEOREM 4. Let f(z) be a regular function of the form (1.4), univalent
and A.B. for G;n in E. Let s(f(2)) be the area of the image of E under the
mapping f(z), and o(1/(z)) that of the complement of the image of E under
the mapping 1/f(z). Then s(f(2)) < o(1/f(2)).

ProOF. If f(2) is a regular function in E and of the form (1.4), there exists
a disc with center at w = 0 and radius r,, < 1, lying in the image of E under
f(2). Asf(z)is AB. for G;n if [w| <r, is contained within the image of E
under f{(2), it follows that |w| > 1 [rg is contained within the complement of the
image.

Therefore if f(z) is univalent and A.B. for G;' n in E, there exists 7y <1
such that:

(4.2) sl{w =1@) 0 Wl < rg}} U {(w = () N {Iwl > 1/rg}}] = nr2,

and

(43) o[{w = 1f@) N {WI <rg I U {(w=1/f) N {Iwl = 1/rg }}] = mrl.
By (4.2), we have:

1/r

1/r
@)= wi=1f “p0)de" =2, podo+ 2, pieods

where p(p) is defined in (2.2) and A is E.
Changing the integration variable, we obtain
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1 1
U @) = ar§ = 2nf vy PP = 21 [ rPPWPdp

1
=2nf, PG + p(1/o)/p*] dp.

Let us consider the pair of circles (in the image plane) [w| =r and |w| =
1/r, where ry <r< 1.

The total length of the curves of f(z) on these circles is 2arp(r) +
(2n/r) p(1/r). 1t is easy to see that p(r, A, 1/f) = p(1/r, A, f), hence the total
length of the complement with respect to the whole circles |w| = r and |w| =
1/r is:

2ar[1 = p(1/n)] + n/n)[1 = p(r)].

By a similar argument, we obtain:
oQUf (@) =g = 2nf, (L1 = p(tpe] + [(1 = po)o*]}dp.

In order to prove our theorem, we have to show that:

1 1
2nf, @@ +p(11pYe* o < 21f o {11 - PN + [1 = p(o)]/o°}dp
or
0<2nf) [1 - 210} - 2)] (0 + 1p?)dp.
To complete the proof, we have to show that p(p) + p(1/p) < 1,7, <p < 1.

As f(z) is A.B. for G;n it follows that, for each w, f(z) assumes in E not more
than n values from the set:

- 1 1 1
{w,qw,...,n" lw,—,—,...,-;'-:l—}

wheren=e2™/" p=1,2,....

f(2) is univalent and assumes p-values from the set {w, nw, . . . , 7" 1w}
and q values from the set {1/w, 1/nw, . .., 1/n" 'w} and therefore p + q < n.
Since this is true for every w, it follows that:

p() + p(1/p) < 1.
REMARK. Theorem 4 is obvious for the class B*; since f(2) has no values
in common with 1/f(z) (f(z) # 1/f(); z, ¢ € E), it follows that {w: w = f(z)}
C C{w: w = 1/f(2)} and the inequality between the areas is obvious. If f(z) is
AB. for G; n» f(2) may have common values with 1/£(z).
We now need the following:

LEMMA 2. Let f(z) be a regular function, univalent and A.B. for G;,, in
E. Then the function G(z) = (f(zP))*/P, where p > 1 is natural, is univalent and
AB. for G3,,.

PrOOF. Univalence is obvious. Suppose G(z) assumes more than p * n
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values from the set S;pn(w); then [G(2)]? = f(zP) = f(¢) assumes more than n
values from S;n(wp ),which is a contradiction since f(z) is A.B. for G:,,.

The following lemma is known for the class B. We generalize GrinSpan’s
proof [3], for our case.

LEMMA 3. Let f(z) be univalent, A.B. for G:,,, and of the form (1.4) in
E. Denoting log(f(z)/za;) = Zy— 8,2, then Zp_ k1B, I* <log(1/la, I2).

PrOOF. Given f(z) A.B. for G;, and univalent, we define G(z) =
()P, p=2,3,.... By Lemma 2, G(z) is univalent and A.B. for G} ,,
where m = p < n; hence by Theorem 3, (G(z)) < 0(1/G(z)). The rest of the
proof is as in [3].

PROOF OF THEOREM 5. Aharonov’s proof [1] for the class B may be
used here, in conjunction with Lemma 3 and the inequality in [10].

FIGURE 3: A set A.B. for Gg

REMARKS. (a) Lebedev and Milin [9] proved that if f(z) € B is of the
form (1.4), then la, 1< 1,n =1, 2, ..., with equality only for f(z) = nz";
Inl=1,n=1,2,.... The inequality (a) of Theorem 5 was first proved by
Lebedev in [8], for functions having no common values.

(b) For the class B, (a) and (b) of Theorem 5 hold without the condition
of univalence, and the proof for the general case is based on the fact that for
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every f(z) € B there exists f*(z) € B* such f(z) < f*(z). This method is
inapplicable for functions A.B. for G;n as is seen from the following example.

EXAMPLE 4.1. There exists a nonunivalent function f(z) which is A.B.
for G; in E, but not subordinate to any univalent function belonging to G;, for
some m.

For the set in Figure 3, we find a function which maps E on it as shown in
Example 2.3.

(c) Validity of (a) of Theorem 5 implies the truth of Goodman’s conjec-
ture [2] for the group G %,,.
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